We propose an explanation for the experiment by Schemm et al., Phys. Rev. B 91, 140506 (2015) where the polar Kerr effect (PKE), indicating time-reversal symmetry (TRS) breaking, was observed in the hidden-order (HO) phase of URu2Si2. The PKE signal on warmup was seen only if a training magnetic field was present on cool-down. Using a Ginzburg-Landau model for a complex order parameter, we show that the system can have a metastable ferromagnetic state producing the PKE, even if the HO ground state respects TRS. We predict that a strong reversed magnetic field should reset the PKE to zero.
I. INTRODUCTION
The heavy-fermion material URu 2 Si 2 exhibits a second-order phase transition from paramagnetism to a puzzling hidden order (HO) at T HO = 17.5 K 1,2 , where the corresponding symmetry breaking has not been definitively established. Particularly interesting is the question of whether time-reversal (TR) symmetry is preserved or broken in the HO phase. Raman spectroscopy gives evidence for the spontaneous breaking of mirror symmetries, so Kung et al.
3 interpreted HO as a chirality density wave that preserves TR symmetry. However, Schemm et al. 4 observed a non-zero polar Kerr effect (PKE) in the HO phase, indicating possible TR symmetry breaking 5 . Here, we attempt to reconcile the experimental results of Refs. 3 and 4 within a unified theoretical framework based on an earlier model of HO developed by Haule and Kotliar in Refs. 6 and 7. According to Ref. 4 , URu 2 Si 2 exhibits zero PKE when cooled without an applied magnetic field, which is consistent with TR symmetry preservation in the HO phase. However, when URu 2 Si 2 is cooled in a training magnetic field up to 2 T, which is then removed at low temperature, a non-zero PKE is observed on warmup in the HO phase. Apparently, the external magnetic field induces magnetism in the material, which is preserved even after the field has been removed. Schemm et al. 4 interpreted this persistent magnetism as extrinsic in origin, resulting from unspecified magnetic states due to strain or defects. While explanations due to sample inhomogeneity are possible [8] [9] [10] [11] , here we advance an alternative proposition that the induced magnetism is intrinsic to HO and would occur even in a perfectly uniform sample.
We approach this problem from the perspective of the Haule-Kotliar model 6, 7 characterized by a twocomponent complex order parameter. The real part represents chiral order consistent with the observations of Ref. 3, whereas the imaginary part represents magnetic order. Using a modified version of the associated free energy, we study the interplay and competition between the two components of the order parameter. We find that, when the system is cooled in a magnetic field, it may become trapped at a local minimum of the free energy, corresponding to a metastable ferromagnetic (FM) state and exhibiting the PKE. This conjecture of a metastable FM state is supported by the observation of hysteresis in direct magnetization measurements in single crystals of URu 2 Si 2 cooled in zero and non-zero fields 12 . Our proposition can be tested by applying a reversed magnetic field at low temperature. We predict that, when the reversed field exceeds a certain threshold, the system will make an irreversible transition from the metastable FM to the true HO ground state, thereby resetting the PKE (or magnetization) to zero. In contrast, an extrinsic FM would change sign in a reversed magnetic field instead of being eliminated. An experimental verification of this prediction would be a crucial test of the metastable intrinsic FM scenario and would qualitatively discriminate it from other possible explanations of the induced PKE.
II. HAULE-KOTLIAR MODEL
URu 2 Si 2 is a body-centered tetragonal crystal, where uranium atoms are arranged in square-lattice layers perpendicular to the c axis. The crystal has a four-fold rotational symmetry about the c axis and four vertical mirror planes (VMP) through the c axis. According to Ref. 6 , the 5f 2 electrons of the uranium atoms have the ground state |A 2 = i(|4, 4 − |4, −4 )/ √ 2 and the lowest excited state |A 1 = cos φ(|4, 4 + |4, −4 )/ √ 2 + sin φ |4, 0 , written in the angular momentum basis |J, J z , where the z axis is taken along the c axis, and φ ≈ 0.37π. Inelastic non-resonant X-ray spectroscopy supports the conjecture that |A 1 and |A 2 are indeed the low-lying states of the system 13 . A model Hamiltonian H consistent with both VMP and TR symmetries can be constructed 7 using Pauli matrices {σ amplitudes J x,y jk describe interaction between the nearest neighboring sites j, k . The Pauli matrices transform as σ x,y → −σ x,y and σ z → σ z , upon VMP reflections because |A 2 is odd and |A 1 is even. Thus, the first two terms in H are bilinear in σ x,y , and the third term is linear in σ z . Additionally, σ y → −σ y upon TR due to complex conjugation, so σ y couples linearly to the magnetic field in the last term.
At low temperature, the system described by Eq. (1) may undergo a phase transition that breaks VMP symmetries and results in hybridization of the even |A 1 and odd |A 2 states. It is characterized by the anomalous average
where ρ is the density matrix, whereas ψ 6 , which is antisymmetric with respect to VMP reflections and symmetric with respect to TR. The associated ground state is a real superposition of |A 2 j and |A 1 j asymmetric with respect to VMP reflections, so it breaks chiral symmetry 3 but preserves TR symmetry. The imaginary part of the order parameter ψ y j = Tr[ρJ z ]/4 cos φ represents a magnetic moment along the c axis and is non-zero for a complex superposition of |A 2 j and |A 1 j . Below, we analyze the emergence of the chiral and magnetic orders using a mean-field theory.
In the mean-field approximation σ 
Here we have introduced the additional term γ(ψ
with γ > 0 to discourage on-site co-existence of the chiral and magnetic orders, which is necessary to account for the first-order phase transition between HO and antiferromagnetism (AF) under pressure 1 . Elastic neutron scattering in the high-pressure AF phase 15,16 reveals a magnetic order that is uniform within layers, but staggered between adjacent layers, thus doubling the unit cell along the c axis. A similar c-axis period doubling is also discussed for the HO phase, based on ARPES measurements 17 and the "adiabatic continuity" between the HO and AF phases seen in resistivity studies 18, 19 . Therefore, we take HO to be staggered, ψ x n = (−1) n ψ HO , as a function of the layer number n, in agreement with the notion of a chirality density wave 3 . Similarly, we decompose the magnetic order into the uniform and staggered components, ψ
n ψ AF , representing FM and AF. Then, we rewrite Eq. (3) in terms of the three order parameters ψ HO , ψ AF , and ψ FM coupled to the effective interaction constants J 
III. COMPETITION OF HIDDEN ORDER AND ANTIFERROMAGNETISM
Equation (3) was used in Ref. 7 to study the interplay between HO and AF as a function of pressure in the absence of magnetic field. In this case ψ FM = 0, and free energy per site f = F/N (N is the site count) is
Let us examine how the energy landscape given by Eq. (4) changes with the decrease of temperature for points A, B, and C on the schematic phase diagram in Fig. 1. In Figs. 2(a) -(c) we show contour plots of f [ψ HO , ψ AF ] vs. ψ HO on the horizontal axis and ψ AF on the vertical axis. The red arrows in Fig. 2 indicate the state of the system during the described evolution. At point A for T > T HO , the system is at the energy minimum ψ HO = ψ AF = 0 as shown in Fig. 2(a) . At point B for T = 15.3 K < T HO , the minimum at the origin splits into two degenerate minima on the horizontal axis shown in Fig. 2(b) . Consequently, the system spontanelously breaks symmetry and acquires ψ HO = 0 via a second-order phase transition. Using the condition ∂ 2 f /∂ψ 2 HO = 0 at ψ HO = ψ AF = 0 for the transition temperature T HO = 17.5 K, the interaction constant J x − = 2∆/ tanh(∆/T HO ) ≈ 46 K can be deduced 7 . At a lower temperature, such as T = 3 K for point C, the free energy develops a second pair of shallower (local) minima along the vertical (magnetic) axis as shown in Fig. 2(c) , but the system stays at one of the global minima with ψ HO = 0 and ψ AF = 0. Under pressure, the AF minima on the vertical axis become deeper than the non-magnetic minima on the horizontal axis, so the system undergoes a first-order phase transition from HO to AF with ψ AF = 0 and ψ HO = 0 at high pressure 7 . To explain the first order of the phase transition, we choose a large enough γ ≈ 64 K to ensure an energy barrier separating the minima on the magnetic and non-magnetic axes. This picture is supported by Raman spectroscopy 20 in Fe-doped URu 2 Si 2 , where optically-induced transitions between the HO and AF minima in the energy landscape were observed. Using the value T AF = 15 K extrapolated to ambient pressure 
IV. COMPETITION OF HIDDEN ORDER AND FERROMAGNETISM
Contributions to the PKE from alternating AF layers cancel out in the bulk, but the contribution from the surface layer may produce a non-zero PKE 21 . However, its sign cannot be trained by a uniform external magnetic field 22 , so the AF scenario is not a viable explanation for the experiment in Ref. 4 . Thus, we turn our attention to non-staggered FM order ψ FM . The training magnetic field B couples to it linearly in Eq. (1), thus lowering the energy of the FM state and making it competitive with HO. In contrast, AF has higher energy than HO at ambient pressure, so we set ψ AF = 0, and the free energy per site in Eq. (3) becomes
Eq. (5) Fig. 2(a) -(c) and has already been discussed below Eq. (4), but now the vertical axis represents ψ FM instead of ψ AF . During ZFC, the system undergoes a second-order phase transition to the HO ground state with ψ HO = 0 and ψ FM = 0, and stays there as temperature decreases. Now let us consider HFC starting at point A, where the energy minimum is located at ψ HO = ψ FM = 0 as shown in Fig. 2(a) . Next, a training magnetic field b = 0.4 K is applied (point D in Fig. 1) shifting the energy minimum in the FM direction ψ FM > 0 as shown in Fig. 2(d) . At point E with T = 15.3 K, the free energy develops two shallow degenerate HO minima, but the system stays in the pre-existing FM global minimum as shown in Fig. 2(e) . At nearby point F with T = 15 K, the HO minima become deeper than the FM minimum as seen in Fig. 2(f) , but the energy barriers prevent a transition. So, the system stays in the metastable FM minimum all the way down to T = 3 K at point G, as shown in Fig. 2(g) . Removing the magnetic field at T = 3 K takes the system to point C in Fig. 1 while preserving its FM state as depicted in Fig. 2(h) . Although the energy landscape in panel (h) is exactly the same as in panel (c), the state of the system is different: It is HO for ZFC and FM for HFC. The metastable FM state is reached because HFC crosses the first-order rather than the second-order phase transition line in Fig. 1 . Finally, when temperature is increased along the path C-B-A at b = 0, the FM metastable state exhibits a non-zero PKE, as observed on warmup at zero field in Ref. 4 .
The theoretical scenario presented above offers a qualitative explanation of experiment 4 but has shortcomings. First, the experimental PKE persists on warmup to T > T HO , whereas in our model the FM minimum in free energy disappears at T < T HO . Second, the PKE magnitude observed in Ref. 4 increases with the increase of the training magnetic field. This feature can be explained theoretically by considering partial statistical population of different states in the energy landscape due to thermal fluctuations. However, further refinements of the model are beyond the scope of this paper and are left for future studies.
V. FIELD-REVERSAL TEST
The proposed scenario can be tested by applying a reversed magnetic field, in the opposite direction relative to the HFC training field, at low temperature. When the magnetic energy reaches a critical magnitude −b 1 ≈ −0.22 K corresponding to point H in Fig. 1 , the metastable FM minimum transforms into a saddle point as shown in Fig. 2(i) , so the system makes an irreversible transition to one of the HO minima indicated by the red arrows. This transition can be detected by applying and removing a progressively increasing reversed magnetic field at low temperature, while measuring the PKE at b = 0 in each cycle.
Instead of using the optical PKE technique, the metastable FM can also be observed by direct magnetization measurements 12 using a sensitive probe, such as a SQUID magnetometer. The magnetic moment in the FM state can be crudely estimated to be of the same order as the staggered magnetic moment m AF = 0.3µ B experimentally measured 16 in the AF phase. However, the magnetic moment in the metastable FM state would be greatly reduced by thermal fluctuations between the global and local minima in Fig. 2 . Therefore, the effective FM moment is expected to be small, so that direct measurement of magnetization would require high sensitivity, consistent with the PKE sensitivity. The field-reversal test of the metastable FM state can also be performed using direct magnetization measurements. 
VI. COMPARISON WITH EXPERIMENT
The magnetic energy b 1 in the field-reversal test is one of the several characteristic magnetic energies b 1 , b 2 , b 3 shown in Fig. 1 , indicating qualitative changes in the free-energy landscape in Fig. 2 . The magnetic energy b 2 corresponds to the first-order phase transition between ψ HO and ψ FM , where the free energy f HO of the HO minima in Fig. 2 is equal to the free energy f FM of the FM minimum. The magnetic energy b 3 corresponds to the termination of the metastable HO phase, where the HO minima in Fig. 2 disappear. Experimentally, HO terminates at a magnetic field of about 35 T 27 . For comparison of theory with experiment, we need to convert magnetic energy b in Kelvins into magnetic field B in Teslas. The conversion coefficient can be estimated as B/b = µ −1 eff = 1.2 T/K using the effective magnetic moment µ eff = | A 2 | L z + 2S z |A 1 |µ B = 1.25µ B quoted in Ref. 7 . However, for b 3 = 0.93 K in Fig. 1, this µ eff gives the terminating field B 3 = 1.1 T, which is far short of the 35 T seen in experiment. This discrepancy can be resolved in two ways. = T HO = 17.5 K, we obtain B 3 = 21 T, which is closer to the experimental value.
Moreover, the conversion coefficient µ eff can be estimated from experiment, rather than from the theoretical quote in Ref. 7 . The staggered moment observed in the antiferromagnetic phase in experiment 16 is m AF = 0.3µ B per uranium atom. Comparing with the theoretical formula in Eq. (B5) in Appendix B, we find µ eff = 0.3µ B in the limit ∆ → 0, which is four times lower than the prior estimate. Combining this estimate for µ eff with the estimate for the maximal b So, there is a wide range of possible values for the characteristic fields B 1 and B 3 depending on the model parameters. However, the phase diagram of URu 2 Si 2 in a strong magnetic field is complicated with multiple phase transitions [28] [29] [30] not captured by our simple model. Additionally, the applicability of the Haule-Kotliar framework in very strong fields is not clear, as the basis states may change. So, our model should be primarily considered a qualitative, rather than quantitative, guide to experiment.
VII. CONCLUSIONS
We have proposed a theoretical scenario reconciling the TR invariance of the HO state with observation of a non-zero magnetic-field-induced PKE 4 . Competition between the real and imaginary parts of a complex order parameter in a generalized Haule-Kotliar model 7 results in either ground-state HO or metastable FM, depending on the path taken through the phase diagram. Our theory can be tested by applying a strong enough reversed magnetic field at low temperature, which should trigger a transition from FM to HO and cause the PKE to vanish. Although some issues remain open in our scenario, it has the advantage of giving a unified description of the HO and FM states within a single theoretical model without invoking extrinsic effects.
In principle, the general approach presented in our paper can be adapted to other two-level models of HO in the literature. In particular, the hastatic order proposed in Refs. 31 and 32 is based on the 5f 3 configuration described by the effective spin 1/2 and could also be used to explain intrinsic magnetism. However, the hastatic model predicts an in-plane magnetic moment in the HO phase which is not observed experimentally 33, 34 . A non-zero PKE is also observed in the superconducting phase of URu 2 Si 2 4 emerging from the HO phase below T c = 1.5 K. A generalized model for the two separate TR symmetry breakings in the HO and superconducting phases, independently controllable by a training magnetic field 4 , remains a challenge for future study. This research did not receive any specific grant from funding agencies in the public, commercial, or not-forprofit sectors.
from the free energy in Eq. (5) at T = 0,
A general consideration is somewhat complicated, so we study the limiting cases of γ = 0 and γ → ∞.
The case of γ = 0 corresponds to the Haule-Kotliar model of Ref. 7, but we arrive at a different result for b 3 . At γ = 0, minimization of the free energy in Eq. (A1) gives two equations ∂f /∂ψ HO = ∂f /∂ψ FM = 0:
From Eq. (A2) we find Here we evaluate the staggered magnetic moment in the antiferromagnetic phase under pressure. We introduce a local magnetic field b j , so that the free energy is given by Eq. by an extra factor of 1/2, which we believe is incorrect.
